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AVERAGING PRINCIPLE AND PERIODIC SOLUTIONS FOR 
NONLINEAR EVOLUTION EQUATIONS AT RESONANCE 


PIOTR KOKOCKI 


Abstract. We study the existence of T-periodic solutions (T > 0) for the 
first order differential equations being at resonance at infinity, where the right 
hand side is the perturbations of a sectorial operator. Our aim is to prove an 
index formula expressing the topological degree of the associated translation 
along trajectories operator on appropriately large ball, in terms of special 
geometrical assumptions imposed on the nonlinearity. We also prove that the 
geometrical assumptions are generalization of well known Landesman-Lazer 
and strong resonance conditions. Obtained index formula is used to derive the 
criteria determining the existence of T-periodic solutions for the heat equation 
being at resonance at infinity. 


1. Introduction 

We consider nonlinear differential equations of the form 

u(t) =—Au(t) + Xu(t) + F(t,u(t)), t> 0 (1.1) 

where A is a real number, A : X D D(A ) —> X is a sectorial operator on a Banach 
space X and F : [0, +oo) x X a —> X is a continuous map. Here X a for a G (0,1), 
is a fractional power space given by X a := D{{A + SI ) a ), where S > 0 is such that 
the operator A + SI is positively defined. This equation is an abstract formulation 
of many partial differential equations including the nonlinear heat equation 

ut(x,t) = Au(x,t) + Xu(x,t) + f(t,x,u(x,t)) for t> 0, x G SI (1.2) 

where f 1 is an open subset of R ra (n > 1), A is a Laplace operator with the Dirichlet 
boundary conditions and / : [0, +oo) xflxR.—>-Risa continuous map. To see 
this, it is enough to take Au := —A u and F(t,u) = f(t , ■ ,«(•))■ 

In this paper, we intend to study the existence of T-periodic solutions (T > 0) 
for the equation CCD being at resonance at infinity , that is, Ker (A I — A) ^ {0} 
and F is a bounded map. To explain this more precisely assume that, for every 
initial data x G X a . the equation ED admits a (mild) solution u : [0, +00) —> X a 
starting at x. Then the T-periodic solutions of ED can be identified with fixed 
points of the translation along trajectories operator '■ X a —> X a , defined by 

$t{x) := u(T;x) for x G X a 

Effective methods for studying the existence of fixed points of translation along 
trajectories operator are so called averaging principles, expressing the fixed point 
index of the operator in terms of the averaging of the right side of (11.11) . If 
the topological degree of this averaging is nontrivial, then the translation along 
trajectories operator admits a fixed point, which in turn is a starting point of T- 
periodic solution. 

The averaging principle for equations on finite dimensional manifolds were stud¬ 
ied in [12j . while the generalization on the case of equations on arbitrary Banach 
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spaces were considered in [Bj , when the right side of equation is a nonlinear pertur¬ 
bation of a generator of Go semigroup. In [8] the averaging principle were studied 
in the case when —A generates a Co semigroup of contractions and F is a condens¬ 
ing map with respect to the Hausdorff measure of noncompactness. The results 
for equations with the right side being a nonlinear perturbation of the family of 
generators of Co semigroups {A(f)} t > 0 are contained in [9J. 

The resonant version of averaging principle was proved in m in the case when A 
is a generator of a compact Co semigroup (not necessary sectorial) and F : [0, +oo) x 
X —y X is a continuous map. Obtained result were used to prove the criteria on 
the existence of T-periodic solution for on under the assumption that / satisfies 
Landesman-Lazer conditions. In this paper we continue the studies from m- First 
we prove the resonant version of averaging principle for the equation CD in the 
case when A is a sectorial operator. This assumption is stronger than that in M, 
however it allows us considering the wider class of nonlinear perturbations, namely 
we permit the maps F : [0, +oo) x X a —»• X defined on fractional power spaces 
with a G [0,1). Subsequently we use this principle to prove criteria determining the 
existence of T-periodic solutions for ED, in the terms of appropriate geometrical 
conditions imposed on F. It turns out that these geometrical conditions are more 
general that Landesman-Lazer conditions used in [18] - 

The main difficulty lies in the fact that, in the presence of resonance, the problem 
of existence of periodic solutions may not have solution for general nonlinearity F. 
This fact has been explained in detail in Remark |5. II We overcome this difficulty 
providing new theorems determining the existence of T-periodic solutions of EH, 
in terms of appropriate geometrical assumptions imposed on the nonlinearity F. To 
formulate this geometrical assumptions we will need a special direct sum decom¬ 
position of the space X := X _ © Xq © X+, which will be obtained in Theorem 12.31 
as the main result of Section 2. This direct sum decomposition is actually a spec¬ 
tral decomposition of the operator A with the property that A'o := Ker (A I — A), 
and the parts of the operator XI — A in A'+ and X_ are positively and negatively 
defined, respectively. 

Section 3 is devoted to the mild solutions for ED- First we remind the standard 
facts concerning the existence and uniqueness for this equation and then we discuss 
the continuity of mild solutions with respect to the initial data and parameter. 
Furthermore, as we will use the homotopy invariants, we provide some compact¬ 
ness properties for the translation operator. More precisely, we prove that <I»t is 
completely continuous map provided A has compact resolvents. 

In Section 4 we prove the first result: the resonant version of averaging principle. 
More precisely, we will consider the equations of the form 


u(t) = — Au(t) + Xu(t) + eF(t, u(t)), t> 0 (1.3) 

where e G [0,1] is a parameter. Let <h-r(e, ■) : X a —>• X a be the associated 
translation along trajectories operator and let g: N\ —>• N\, where N\ := Ker (XI — 
A), be a map given by 


9(x) 


PF(t, x ) dr 


for x G N\. 


Jo 

Write Xf ■= X a nX + , := X a nX_ and assume that U C N\ and V C 
are such that 0 G V and g(x) ^ 0 for x G dU. Then the resonant averaging principle 
says that, for small e > 0, the fixed point index of 4 >t(£, ■) is equal to the Brouwer 
degree of —g. 

In Section 5 we formulate geometrical conditions (Gl) and (G2) (see page[H]) and 
apply the resonant averaging principle to prove the second result, the index formula 
for periodic solutions , which express the fixed point index of the translation along 
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trajectories operator on sufficiently large ball, in terms of conditions (Gl) and 
(G2). 

Finally, in Section 6 we provide applications for particular partial differential equa¬ 
tions. First of all, in Theorems 16.71 and 16.81 we prove that if F is a Niemytzki 
operator associated with a map /, then the well known in literature Landesman- 
Lazer (see e.g. m, 0 ) and strong resonance conditions (see e.g. 0, m, BSI) are 
actually particular cases of assumptions (Gl) and (G2). 

2. Spectral decomposition of linear operators 

Let A : X D D{A) — > X be a sectorial operator on a real Banach space X with 
a norm || • || such that: 

(Al) the resolvent of the operator A are compact, 

(A2) there is an injection i : X H, where H is a Hilbert space with norm |j ■ ||# 
and scalar product (•, ■)h, 

(A3) there exists a self-adjoint operator A : H D D(A) —» H such that 

ixi [Gr (A)] C Gr (A). 

Since A : X D D(A) -A X is a sectorial operator, there is S > 0 such that 
Re 2 > 0 for 2 G a(A + 5I). Write Ag := A + SI. Our aim in this section is to prove 
the following theorem. 

Theorem 2.1. Assume that (Al), (A2) and (A3) hold. If A = Xk for some k > 1, 
is an eigenvalue of A, then there is a direct sum decomposition on closed subspaces 
X = X + © X _ © X 0 such that 

S A (t)Xi C Xi for t > 0, i G {0, +}, 

and the following assertions are satisfied: 

(i) Xq = Ker (XI — A), X _ is a finite dimensional space such that 


k -1 

X _ = {0} if k = 1 and X _ = Ker (AG — A) if k > 2. 

i—i 


Hence dim X_ = 0 if k = 1 and dim X _ 
(ii) we have the following inequalities 

= Ya=i dim Ker (X J-A) ifk > 2. 

\\A%S A (t)x\\<Ke-^H- a \\x\\ 

for x G X + , t > 0, 

(2.1) 

||e At ^(t):r|| < Ke~ ct \\x\\ 

for x G X + , t > 0, 

(2.2) 

||e At SA(t)x|| < Ke ct \\x\\ 

for x G A'_, t < 0. 

(2.3) 


where c,K > 0 are constants, 

(iii) we have the following orthogonality condition 

(i(ui),i(um)) H = 0 

for ui G Xi and u m G X m where l,m G {0, —, +}, l ^ to. 

Before start the proof we recall that the complexification of the linear space X 
is, by definition, a complex linear space Xc := X x X with the following operations 

(z 1 ,z 2 ) + (z , 1 ,z , 2 ) = (z 1 +z' 2 ,z 1 +z' 2 ) if {z 1 ,z 2 ),(z' 1 ,z' 2 ) G X c , 

X ■ (zi,z 2 ) = (X±zi — A 2 2 2 , Ai 2 2 + A 2 2 i) if A = (Ai + X 2 i) G C, ( 21 , 22 ) G X^. 
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Writing Z\ + *22 := (z 1 , Z 2 ) for (z±, Z 2 ) G Xc, the above operations take the natural 
form 

(z 1 + IZ2) + (z[ + iz'2) = (21 + 2^) + i(z2 + ^2) 

A • (21 + iz2) = (X1Z1 — X2Z2) + i{Xiz 2 + X 2 zi) 

for zi+iz 2 , z'^iz '2 G Xc and A = (Ai +A 2 *) G C. We recall that the complexification 
of an operator A : X D D{A) — > X defined on a real linear space X is a linear 
operator Ac : Xc D D(Ac) —S- Xc given by 

D(Ac ) := {21 + *22 G Xc | Z\, Z2 G -D(A)}, 

Acz := A21 + *24.22 for 2 = 21 + *22 G D(Ac). 

Then f/ie complex resolvent set and the real resolvent set of the operator A are 
given by 

p(A) := {A G C | Ker (A I - Ac) = {0}, (A I - Xc)" 1 G L(X C )}, 

e(A, R) := {A G R | Ker (A I - A) = {0}, (A I - 2 I )- 1 G L(X)} 

respectively. Furthermore the complex spectrum and the real spectrum of A are 
defined by 

a{A) := {A G C | A g p(A)} and a(A, E) := {A G K | A £ g(A, E)}, 
respectively, and we write 

a p (A) := {A G C | Ker (A I - A c ) ± {0}}, 
a p (A, E) := {A G R | Ker (A/ - A) ± {0}} 

for the point spectrum and the real point spectrum , respectively. 

Remark 2.2. The spectrum a (A) consists of the sequence (possibly finite) of real 
eigenvalues. Indeed, the operator A has compact resolvents, and therefore Ac has 
also compact resolvents which implies that 

a(A) = a(A c , C) = <j p (Ac, C) = {Aj | * > 1}, 

where (A,;) is finite or |Aj| —> +00 when n — > +00. Furthermore, if A G C is an 
eigenvalue of Ac, then it is also eigenvalue of the symmetric operator Ac and hence 
A is a real number. □ 

Let Y C X be a linear subspace of X. The part of the operator A in the space 
Y is a linear operator Ay : Y D D(Ay) —> Y given by 

D{A Y ) ■= {x G D{A) I Ax G Y}, ( 2 . 4 ) 

Ayx := Ax for x G D(Ay). ( 2 . 5 ) 

We first prove the following theorem concerning spectral decomposition of A. 

Theorem 2.3. Assume that (Al) , (A2) and (A3) hold. If A = Xk for some k > 1 
is an eigenvalue of the operator A and Xq := Ker (XI—A), then X = X + ®X_©Xo 
for closed subspaces X + , X^ of X and the following holds. 

(i) One has X_ c D{A), A(X_) c X_, A(X + n D(A)) C X + , X_ is a finite 
dimensional space such that X_ = {0} provided k = 1 and 

k -1 

X_ = © Ker (A;/ — A) if k > 2. (2.6) 

i—l 

Hence dimX_ = 0 «/fc = 1 anddimX_ = dim Ker (A jl—A) ifk> 2. 
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(ii) If A + : X + D D(A + ) —> X+ and A _ : X _ D D(A_) A'_ are parts of A 

in X + and X_, respectively, then er(A + ) = {A; | i > k + 1} and 



0 ifk = 1 , 

{A,; i = 1,..., k — 1} if k > 2. 


(iii) We have (i(ui), i(um ))h = 0 for ui £ Xi and u m £ X m where l,m £ 
{ 0 ,-,+}, l ± m. 

In the proof we use the following lemmata. 

Lemma 2.4. Let D : W W be a linear operator on a real finite dimensional 
space V such that W = W± © W 2 © ... © Wj (l > 1) and Dx = p^x for x £ Wi, 
where pi £ K (1 < i < l). Then 

(a) a(D,R) = a(D) = {/x, | 1 < i < l}, 

(b) For any 1 < i < l we have N Pi ( D) = Ker (pil — D). 

Proof, (a) We prove that a(D) C {pi \ 1 < i < l}. The opposite inclusion is 
clear. Take p £ C such that pz = Dcz where z := x + iy £ W<c, z / 0. Then we 
have Wc = W± x W\ © W 2 x W 2 © ... © Wi x Wj and Dcz = pi.z for 2 G IT,; x Wi 
(1 < i < l). Hence z = z\ + Z 2 + ■ ■ ■ + Zi where Zi £ Wi x Wi (1 < i < l) and 
therefore pz = Dcz = p\Zi + P 2 Z 2 + ... + pizi. Since z ^ 0, there exists 1 < i < l 
such that Zi ^ 0 and therefore p = pi, which gives desired inclusion. 

(b) It is enough to show that iV Mi ( D) C Ker (p j — D). If we take x £ iV Mi ( D ) \ {0}, 
then there exists io > 1 such that {pj — D) l °x = 0 and ^ € Wi (1 < i < l) such 
that x = X\ + X 2 + • ■ • + Xi. Therefore 

0 = (,pj - D) io x = (,pj - D) io x 1 + {pj - D) io x 2 + • • • + (,pj - Dy° Xl 

= (Pi - PlY°Xi + (Pi - P 2 ) l °X 2 + ... + {pi~ PlY°Xi. 

Since x 7 ^ 0, one of x±, X 2 , ■ ■ ■, x n has to be also nonzero. If we assume that Xj ^ 0 
for some 1 < j < l, then (pi — pj) l °Xj = 0 and therefore pi = pj. This yields 
x £ Ker (pil — B), which gives desired inclusion. □ 

Lemma 2.5. (see M) Let A : X D D(A) -A X be a linear operator on a Banach 
space X and assume that X = A_ © Xo © X + for closed subspaces Xq, X_, X_ 
such that 

X 0 ,X _ c D(A), A(X 0 ) c X 0 , A(X_) c A_ and A(D{A) nl + ) C X + . 

Let the operator Ai : Xi D D(Ai) —>• Xi be a part of the operator A in the space Xi 
for any i = 0, —, +. Then the following assertions hold. 

(a) For any i = 0,—,+, we have g(A, M) C p(j4j,K.) and furthermore, if p £ 
g{A, ffi.) then 


{pi — Ai) 1 x = (pi — A) 1 x for x £ Xi. 


(2.7) 


(b) If A has compact resolvents, then for any i = 0, —, + the operator Ai has 
also compact resolvents. 

(c) If —A is a generator of a Co semigroup {SA{t)}t>o> then 


S A (t)Xi C Xi for t > 0 and i = 0, —, +. 


Lemma 2.6. Under assumption (A\), (A2) and (A3) the following assertions hold. 
(a) For any l > 1 the following equality holds 


Ker (A;/ — A) = N\ t (A). 

(b) IfYcX is a subspace of X, then a p (Ay) = < 7 p (Ay,K.). 


( 2 . 8 ) 
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Proof, (a) Since the operator A has compact resolvents, there is ?'o > 1 such that 
N\ t (A) = Ker(A;J — A) 10 . If we take x £ Ker(A// — A ) l ° then, from assumption 
(A3), we have (A;/ — A) l °i(x) = 0 and therefore (A// — A)i(x) = 0, because the 
operator A is symmetric. Consequently, x £ Ker (A; / — A), which proves (12.81) . 

( b ) If A £ a p (Ay) then A is an eigenvalue of the operator (Ay)c, and hence is 
also an eigenvalue of the operator Ac. Hence A is a real number as Remark 12.21 
says. Since er p (Ay) flR = er p (Ay,R), it follows that A £ cr p (Ay,R) and hence 
<jp(Ay) C er p (Ay,R). The opposite inclusion is immediate. □ 

Theorem 2.7. Let A : A D D(A ) —>• X be a linear operator with compact resolvents 
on a real Banach space X and let (Ai)j>i be a sequence of real eigenvalues of the 
operator A. Then for any k > 1, there is a direct sum decomposition X = A'i ® A' 2 
such that Xi, A 2 are closed, 

k k 

* = ® N \, (A) and X 2 = n^(A) 

1=1 1=1 

and the following assertions hold: 

(a) Ai c D(A), A(Ai) c X x and A(A 2 n D(A)) C X 2 , 

(b) if A\ and A 2 are parts of the operator A in A’i and A 2 , respectively, then 

ct(Ai,R) = {Ai, A 2 ,..., Afc} and er(A 2 ,R) = {Ai | i > k + 1}. 

Proof. Let p £ g(A,R). Then A i = p — pff 1 for i > 1, where a p ((pl — A) -1 ,R) = 
{pi | i > 1}. Then (see (4|) there is a direct sum decomposition A = X\ © A 2 on 
closed subspaces such that 

k k 

Xi =(&N Pl ((pI-A)~ 1 ) and A 2 = f| R Pl ((pi - A)" 1 ). 

/ = 1 1=1 

Furthermore, (pi — A)~ 1 (Xi) C Xi, (pi — A) _1 (X 2 ) C X 2 and 

<*p{{pI-A) j^,R) = {pi,P2, ■ ■ -,Pk}, a p ({pI-A) j^ a ,R) = {im | i > k+1}. (2.9) 

On the other hand, one can check that 

N\i(A) = A w ((p/ - A)' 1 ) and Rx^A) = R^dpI - A) -1 ) for i > 1, 
which implies that A = Ai ® A 2 where 

k k 

Xi = 0 N Xl (A) and A 2 = f| R Xl (A). 

i=i i=i 

It is not difficult to verify that 

Ai C £>(A), A(Ai) C Ai and A(D(A) n A 2 ) c A 2 

and hence, by Lemma T2.51 ('ah we obtain 

p £ g(Ai, R) and (pi — A,) -1 = (pi — A)j~^. for 1=1,2. (2.10) 

Further, from the point (b) of the same lemma, it follows that the operators Ai and 

A 2 have compact resolvents and therefore 

cr(Aj, R) = a p (Ai, R) = {p — g- 1 \ p £ a p ((pl — A^ -1 , R)} for * = 1,2, 

which together with (12.91) and (12.101) yields 

ct(Ai, R) = {p — gf 1 | 1 < i < k} = {Ai | 1 < i < k} and 

ct(A 2 ,R) = {/o — pf 1 | i > k + 1} = {Ai | i > k + 1}, 
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and the proof is completed. □ 

Proof of Theorem 12.31 By Theorem 12.71 we obtain a direct sum decomposition 
of the space X = X_ © N\ k (A) © X + , where X_ = {0} if k = 1, 

k— 1 k 

x_ = © Ker (AjJ - A) if k > 2 and X+ = f| i? Ai (A). 

i=l i=1 

Furthermore we have the inclusions AT_ C D(A), A(AT_) C A'_, A(AT + fl D(A)) C 
X + and 

ct(T + ,R) = {A 1 | *>fc + l}. (2.11) 

From Lemma 12.61 Cal we infer that 

Ker (A J - A) = N Xl (A) for l > 1. (2.12) 

Hence X_ is finite dimensional and dimX_ = 0 if A = Ai and 

fc-l k -1 

dim A_ = dim N Xi (A) = dim Ker (A J — A), 

i= 1 z=l 

if A = Afc for some k > 2. In this way we proved point (*). 

In order to prove point ( ii ), observe that from Lemma [2.51 (b) it follows that the 
operator A + has compact resolvents. Hence the operator (A + )c also has com¬ 
pact resolvents and therefore er(A + ) = a p (A + ). By Lemma [2.61 (b) we infer that 
a p (A + ) = (j p (H + ,]R). From Lemma [2.51 (b) it follows that the operators A + and 
A _ have compact resolvents and hence <j p (H + ,IR.) = (t(H + ,IR.). This together with 
(12.111) gives cr(A + ) = (A, | i > k + 1}. 

If k = 1 then A_ = {0} and hence cr(A_) = 0. If we suppose that k > 2, 
then combining the inclusion H(X_) C X_, (12.121) and Lemma l2~4l we deduce that 
ct(H_) = {A; | i = 1,..., k — 1} and the proof of point (ii) is completed. 

We proceed to point (Hi). Take 1 < l < k and x G N Xl (A), y G X + . Then 
y G R Xl (A) and furthermore, by (12.121) . we have i(x) G Ker (A;/ — A) and i(y) G 
Im(A;I — A). Since the operator A is symmetric, we have (i(x),i(y))H — 0. Ac¬ 
cordingly, for any 1 < l < k the spaces i(N Xl (A)) and i(X + ) are orthogonal, which 
implies that the spaces i(X + ), i(X_) and i(Ao), i(X+) are mutually orthogonal. 
Now we take x G N Xk (A) and y G N Xl (A), where 1 < l < k — 1. In view of (12.121) 
we infer that i(x) G Ker (AJ — A) and i(y) G Ker (A;/ — A), which along with the 
fact that A is symmetric gives (i(x),i(y))H = 0. Hence the spaces i(X_) and i(X 0 ) 
are also orthogonal and the proof of point (Hi) is completed. □ 


Lemma 2.8. (see HH Theorem 1.5.3]) Let A = A k for some k > 1 be an eigenvalue 
of the sectorial operator A and let X = ATi©Xo©A 2 be a direct sum decomposition 
such that Xo = XI — A and 

X 0 , X_ c D(A), A(X 0 ) c Xo, A(X_) c X_ and A(D(A) D A + ) c X + . 

Assume that A\ : X\ D D(A\) —> X\ and A 2 : X 2 D D(A 2 ) —> X 2 are parts of the 
operator A in Xi and X 2 , respectively. If 

Rez < 0 for z G a(XkI — A\) and Rez>0 for z G cr(\kl — A 2 ), 
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then there are positive constants c a and C a such that 


\\A%S A (t)x\\ < C a t~ a e-( x+c «»\\x\\ 

for 

t > 0, 

x G A + , 

(2.13) 

||^(t)z|| < C a e-( A+C “>*Hxll 

for 

t > 0, 

x G X + 

(2.14) 

\\S A (t)x\\ < C a e-( x - c ^\\x\\ 

for 

t < 0, 

x G A_, 

(2.15) 


where S A (t)x := exp(— tA-)x for t G R and x G A'_ is the natural extension of the 
semigroup {S A (t)} t >o on the space A_. 

Proof of Theorem 12.11 By Theorem 12.31 we obtain a direct sum decomposition 
X = Xo © X _ ® X + such that assertions (i) and (in) are satisfied. Furthermore 

X 0 , A_ c D(A), A(X 0 ) C X 0 , A(X_) c AT_, A(D(A) n X+) C A+ 
and from point (ii) it follows that 

Re 2 ; < 0 for z G a(\kl — A + ) and Rez > 0 for z G a(\kl — A_), 

where A + : X + D D(A +) — > X + and A _ : A_ D D(A_) — >• A_ are parts of the 
operator A in A + and A_, respectively. Hence Lemma 12.81 implies point (ii) while 
Lemma 12.51 (c) leads to inclusions 

S A (t)Xi C Xi for t > 0, ie{0, +} 

and the proof is completed. □ 


Theorem 2.9. (see [H] Theorem 16.7.2]) Let {S A (t)} t >o be a Cq semigroup on a 
Banach space X, which is generated by —A. Then 

e ~t<7p(A) c cr p (S A (t)) C e _tfTp(A) U {0} for t > 0. 

Furthermore, if X G C then 

Ker (e~ xt I - S A (t)) = spin | Ker (A k>t I - A) | , (2-16) 

Vfcez / 

where A k,t = A + (flk-n/t)i for k G Z. 

3. Cauchy problems 
C onsider differential equations of the form 

ii(t) = — Au(t) + Xu(t) + F(s, t, u(t)), t > 0, (3.1) 

where s G [0,1] is a parameter, A is a real number, A: X D D(A) -A X is a sectorial 
operator with compact resolvents on a Banach space X and F : [0, +oo) x X a —> X 
is a continuous map. Here A“ for a G (0,1), is a fractional power space given 
by X° := D((A + SI) a ), where 6 > 0 is such that A + SI is a positively defined 
operator. Furthermore we assume that: 

(FI) for any x G X a there exists a neighborhood x G V C X a and L > 0 such that 
for s G [0,1], xi, X 2 G V and t G [0, +oo) one has 

||F(s, t, X\) - F(s,t,x 2 )\\ < L\\xi - x 2 \\ a ‘, 

(F2) for any s G [0,1], t G [0, +oo), x G A“ one has 

||F(s,t,a:)|| < c(t)( 1 + ||a:|| Q ), 
where c : [0, +oo) [0, +oo) is a continuous function. 

In this section we intend to recall the facts concerning existence and uniqueness of 
mild solutions for the equation (EU). Then we provide theorems for the continuous 
dependence from parameter and initial data. Finally some compactness properties 
of mild solutions will be formulated. 
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Definition 3.1. Given an interval J C R, we say that a continuous mapping 
u : J — X a is a mild solution of equation (ED, if 

u[t) = SA(t — t')u{t') + Sa(1 — t)F(s , r, u(t)) dr 

for every t, t' £ J, t' < t. 

Remark 3.2. Assume that the operator A : X — > X is bounded and let u : J —» X a 
be a mild solution of ED- 

(а) Then it is known that u is a C 1 map on J and the equation (13.11) is satisfied 
for any t £ J. 

(б) For any f,t' £ J we have 

u[t) = SA{t — t')u{t') + j SA(t — t)F(s,t,u(t)) dr ( 3 - 2 ) 

where Sa( t) := exp(— tA) for f eR. Indeed, for t,t' £ J such that t' > t we have 
u(t') = Sa it' — t)u(t) + J 5a (f 7 — t)F(s , r, u(t)) dr. 

Acting on this equation by Sa (t — t r ) we derive 

5a (t — t')u(t') = u(t ) + Sa it - t)F(s, t, u(t)) dr , 

which implies (13.21) . □ 

Theorem 3.3. (see [TU Theorem 3.3.3, Corollary 3.3.5]) For every s £ [0,1] and 
x £ X a , the equation ED admits a unique mild solution u(t ; s, x) : [0, +oo) —» X a 
starting at x. 

As we will use the topological invariants we need some continuity and compact¬ 
ness properties for the solutions. Here the key point is the assumption concerning 
the compactness of resolvents of the operatora A , which will be used to prove the 
following theorems. 

Theorem 3.4. If ( x n ) in X a and (s n ) in [0,1] are such that x n —> xo in X a and 
s n —> sq when n —» + 00 , then 

u(t; s n , x n ) —>• u(t; So, Xq) as n —>• + 00 , (3-3) 

for any t > 0, and furthermore this convergence is uniform for t from bounded 
subsets of [0, + 00 ). 

Theorem 3.5. If t > 0 and fi C X a is a bounded set, then 

{u(t; s,x) | s £ [0,1], x £ 12} 
is a relatively compact subset of X a . 


Before we strat the proof we formulate some auxiliary lemmata. 

Lemma 3.6. (see [5] Lemma 1.2.9]) Let a £ [0,1), a > 0, b > 0 and let (j) : [to,T) 
[0, + 00 ) be a continuous function such that 

[ f 1 

4>(t) <a + b — -— (fir) dr for t £ (t 0 ,T). 

Jto yt-T) 

Then 

sup <p(t) < aK(a,b,T), 

t€[t 0 ,T) 

where K{a , b , T ) is a constant dependent from a, b and T. 
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Lemma 3.7. Let ( s n ) be a sequence in [0, 1] and let ( x n ) be a bounded sequence in 
X a . Assume that, for any n> 1, the map v n : [0,to] —> X is given by 

:= F(s n , t, u(t; s n , x n )) for r G [0,t Q ]. 

Then the following assertions hold. 

(a) The set {it(i; s n , x n ) \ t G [0, to] 3 n > 1} is bounded in X a . 

(b) For any t G [0,io], the set 


[ AgS A (t-T)v n (T)dT 

Jo 


n > 1 


is bounded in X. 

(c) For any e > 0, there is ho > 0 such that, if t, t' G [0, to] and 0 < t' — t < ho, 
then 

J \\A%S A (t' - r)u„(r)|| dr < e for n > 1. 

Proof. Let c G R, M ,M a be a constants such that 

\\S A (t)\\ < M for t G [0,t 0 ] and \\Af S A (t)\\ < M a e ct t~ a for t > 0. 

Since (x n ) is bounded, there is R > 0 such that ||x n || a < R for n > f. Then, 
assumption (F 2) implies that for any n > 1 and t G [0,to], we have 

||u(t; s n , x n )|| a < \\S A (t)AgX n \\ + [ \\A$S A (t — t)F( s n , t , u(t; s n , x„))|| dr 

Jo 


< M\\Xr, 

< MR -\ 

< MR -1 


M a e c (‘- T > 


||P(s„,T,u(r;s„,x„))|| dr 


Jo {t - t) c 

t M pl c l*o 

C ( T )(1 + \\ u (t; Sn,x n )\\ a ) dr 


Jo (t-r) 
KM n e^ to 


_2__ A~<* + 

l-o + 


rt KM a e W* 0 
i {t - r) a 


||w(t; s„,x n )|| a dr, 


where K := sup r6 [ 0 ,t 0 ] c(t). Hence, by Lemma 13.61 there is C > 0 such that 
\\u(t; x n , s n )|| a < C for t G [0,to] and n > 1, which proves (o). Furthermore, note 
that by assumption (F 2) we have 

IK(t)|| = \\F(s n ,T,u{t;s n ,x n ))\\ < c(t)( 1 + \\u(t; s n ,x n )\\ a ) < K( 1 + C) 
for t G [0, to] and n > 1. Then, for any n > 1, we infer that 

f A%S A (t-T)v n (r)dT < f \\AfS A (t — t)u„(t)|| dr 
Jo Jo 

* M„e c (*-' r ), 


< 


■IknWIIdT 


'o (t ~ T ) c - 

nt M n e l c l‘° 


r z M pl c 1*° M pl c l to 

< / K( 1 + £7) 7?° dr < K{ 1 + C) J^ -to 1 " 

Jo 


(t - t) c 


1 — 0 


which gives (b). As for (c), let t', t G [0, to] be such that t' > t. Then, for any n > 1, 
we obtain 


AfS A (t' — t)v„(t) dr < J ° |kn(r)||dr 


-t) 


/■*' M pl°l t o M pl c l*o 

S l m += A'(1+p)Tt 7T«' -o 1 -” 


1 — a 
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Take h Q := ( K(i+c)M a e ct o ) • Then we see that, for any t, t' G [0,to] such 

that 0 < t' — t < ho, we have 


A*S A tf - r)v n (r) dr 


< £ 


for n > 1. 


and the proof of point (c) is completed. 


□ 


Proof of Theorem 13.51 Let t > 0 and let O C X a be a bounded set. To prove 
the set <£*([0,1] x f1) is relatively compact in X a it is enough to prove that the set 
T“<E> t ([0,1] x Q) is relatively compact in X. To this end take sequences (s„) in [0,1] 
and ( x n ) in f l and let (v n ) be given, for any n > 1, by 

v u (t) := F(s n ,T,u(T-s n ,x n )) for rG[0,f]. 

If e > 0 is arbitrary, then by Lemma 13.71 fcb there is to G (0,f) such that 


[ AgS A (t - t)v u (t) dr 
Jto 


< £ 


for n > 1. 


Furthermore, by Lemma 13.71 ( b ), we infer that the set 

r* o 


Dt 0 


[ AgS A {t 0 -T)v n (T)dT 

Jo 


n > 1 


is bounded. On the other hand, for any n > 1, we have 

Agu(t;s n ,x n ) = S A (t)AgX n + f AgS A (t - t)w„(t) dr 

Jt 0 

+ S A (t - t 0 ) (/ AgS A (t 0 - t)v„(t) dr ^ , 

which implies that 

V := {Agu(t; s„,x n ) \ n > 1} C S A {t){A%x n \ n > 1} + S A (t - t 0 )A 0 
+ A ^ Sa ^° ~ T ) Vn ‘( T ) dT n ^ l| c W + B(0,e), 

where 

W := S A (t){AgX n | n > 1} + S A (t - t 0 )D to . 

Since the semigroup {SU(t)}t>o is compact and the sets {AgX n \ n > 1}, D to are 
bounded, w infer that the set W is relatively compact in X. Since e > 0 may be 
arbitrary small, we deduce that the set V is also relatively compact in X , which 
completes the proof. □ 


Lemma 3.8. The family {u n ( ■; s n , x n ) | n > 1} is equicontinuous for t G [0, +oo). 

Proof. For any n > 1 write u n := u n ( ■; s n , x n ). By the integral formula, for 
t G [0, Too), h > 0 and n > 1, we have 

|| u n (t T h) - zi„(f)|| a < \\S A (h)u n (t) - u n (t)\\ a 

rt+ h ( 3 . 4 ) 

T J \\AfS A (t + h — r)F(s n ,T,zt n (r))|| dr. 

Theorem 1331 says that, for r G [0, t], the set {zz n (r) | n > 1} is relatively compact 
in X a and therefore there is h o > 0 such that 

\\S A (h)u n (t) — u n (t)\\ a < e/2 for 0 < h < h 0 , n > 1. 


(3.5) 
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By Lemma [377] (c), we find that there is h± > 0 such that 

t~\~h 

|| AgS A (t + h - T)F(s n ,T,u n (T))\\d,T < e/2 (3.6) 

for 0 < ft < hi and n> 1. Combining (13.41) . (13.51) and (13.61) we deduce that 

||u„(t + ft) — u n (t)\\ a < e/2 + e/2 = e for 0 < ft < hi, n> 1 

which implies that the family {u n } n >i is equicontinuous from the right side on 
[0,+oo). It remain to prove that the family is equicontinuous from the left side 
(0, +oo). To this end take t £ (0, +oo) and let e > 0 be arbitrary. If ft and 0 are 
such that 0 < ft < 9 < t, then 

|| Unit) - U n {t - h)\\a < II Unit) - S A (0)u n (t - 0)|| a 

+ II S A (9)u n (t -9)- S a (9 - h)u n (t - 0)|| a 
+ 115,4(0 - h)u n {t - 9) - Un(t - ft)||a 


and hence, for any n > 1, we have 


\u n {t) - U n {t - h)\\ a < f \\A%S A (t-T)F(s n ,T,U n (T))\\dT 
Jt-e 

+ || S A (9)u n (t - 9) - S a (9 - h)u n (t - 0)|| Q 

rt—h 

+ / \\AgSA(t-h-T)F(s n ,T, u„(r))|| dr. 
Jt-e 


(3.7) 


By Lemma 1X71 (c), there is h 0 £ (0 ,t) such that, for any t\,t 2 G [0,£] with 0 < 
ti - t 2 < ho, we have 

/ \\AfS A (t! - T)F(s n ,T,u n (r))\\ dr < e/3 for n> 1. (3.8) 


't 2 


Let 0 £ (0, fto) be fixed. By Theorem 13.51 the set {u n {t — 0) | n > 1} is relatively 
compact and hence we can choose hi such that 0 < h\ <9 and 

\\S A (9)u n (t ~ 9) — S A (9 — h)u n (t — 9)\\ a < e/3 for ft £ (0, fti), n > 1. (3.9) 

Using (El), for ft £ (0, fti), we obtain 

I \\AgS A (t - r)U(s n ,r,u n (r))|| dr < e/3 oraz (3.10) 

Jt-e 

rt h 

/ \\AfiS A (t + h-T)F(s n ,T,u n (T))\\dT <e/3 for n> 1. (3.11) 

Jt-e 


Therefore, combining ( 13 . 71 ) . ( 13 . 91 ) . ( 13 . 101 ) and ( 13 . 111 ) we infer that, for ft £ (0, fti) 

|| U n (t) - u n {t - ft)|| a < e/3 + e/3 + e/3 = e, 

and consequently the family {u n \ n > 1} is equicontinuous from the left side on 
(0, +oo) as desired and the proof is completed. □ 


Proof of Theorem 13.41 Write u n := u( ■; s n , x n ) for n > 1. In view of Lemma 13.81 
and Theorem 13.51 we infer that, for any T > 0, the family (u n ) in equicontinuous 
and has relatively compact orbits on [0,T], Let (u nk )k>i be arbitrary subsequence 
of ('«„)„>!. By Ascoli-Arzela Theorem theorem there is a subsequence (u nici )i >i 
and a continuous map v : [0,T] —> X a such that u nki (t) —> v(t) in X a , uniformly 
for t £ [0, T] as l —> +oo. Hence, letting l +oo in the formula 

u nk . (t) = S A (t)x n . + S A (t — T)F{s n . , r, u n . (r)) dr 
Jo 
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for any t £ [0, T], we have 

v(t) = S A (t)x 0 + [ S A (t-T)F(s 0 ,T,v(T))dT. 

Jo 

Hence, by the uniqueness of mild solutions (see Theorem 13.31) we infer that v(t) = 
u(t;s o,xo) for t £ [0,T]. Therefore u nk (t) —> u(t;so,xo) in X a , uniformly for 
t £ [0,T] as l —>• +oo. Since the sequence («„ t )fc>i is arbitrary, it follows that 
u n (t ) —> u(t',so,xo) in X a , uniformly for t £ [0, T] as n —> +oo and the proof is 
completed. □ 


4. Resonant averaging principle 

We consider differential equations of the form 

u(t) = — Au(t) + Xu(t) + eF(t, u(t)), t > 0. (4.1) 

where A is an eigenvalue of A, and F: [0,+oo) x X a —> X is a continuous map. 

Assume that A and F satisfies assumptions (Al), (A2), (A3), (FI) and 

(F3) there is m > 0 such that || F(t, or) || < m for t > 0, x £ X a , 

(FA) there is T > 0 such that F(t, x) = F(t + T,x) for t > 0, x £ X a . 

By Theorem 13.31 the above assumptions imply that, for any x £ X a and e > 0, 
there is a mild solution u(-;e,x) : R —> X a of 6U) starting at x. Let : 
[0,1] x X a —> X a be the translation along trajectories operator associated with this 
equation, given by 

$t(e,x) := u(T;e, x) for e > 0, x £ X a . 

Then, Theorems 13.41 and 13.51 sav that <!>t is a completely continuous map. 

Remark m says that the spectrum a(A) of the operator A consists of the se¬ 
quence of eigenvalues 

Ai < A 2 < ... < Ai < Aj_|_i < ... 

which is finite or Aj —> +oo when i —> +oo. Consider the direct sum decomposition 
X = X 0 © X- © X + on closed subspaces obtained in Theorem 12.11 Then X 0 := 


Ker (XI — A) and 

k -1 

A_=0Ker(A J - A). (4.2) 

2=1 

In particular X_ is a finite dimensional space such that 

fc-i 

dim A_ = 0 if k = 1, dim A_ = dim Ker (A il — A) if k > 2. (4.3) 

i— 1 

It is also known that 

S A (t)Xi C Xi for t > 0, * e {0, -, +}. (4.4) 

and there are constants c, K > 0 such that 

\\A%S A (t)x\\ < Ke- {x+c)t t- a \\x\\ for x £ X+, t > 0, (4.5) 

||e At SU(f)x|| < /ve _ct ||x|| for x £ X + , t> 0, (4.6) 

||e Ai S , A(t)a;H < /Te ct ||:r|| for x £ X_, t < 0. (4.7) 


where S A (t)x := exp(— tA-)x for t £ R and x £ X _ is the natural extension of 
the semigroup {SU(i)}t>o on X-- Furthermore the spaces Xq, AT and X + are 
mutually orthogonal, that is, 

(i(ui),i(um)) H = 0 for m £ X u u m £ X m where l,m £ {0,-,+}, l ± m (4.8) 
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Let P, Q± : X -> X be projections given for any x £ X by 

Pa; = Xq and Q±x = x± (4-9) 

where x = x + + Xq + X- for Xi £ X t . i £ {0, —, +}. Write Q := Q- + Q + . Since 
the inclusion X a C X is continuous, one can decompose X a on a direct sum of 
closed spaces A“ = X 0 © X“ © A'“, where A“ := X a n A+ and A“ := A“ n A_. 
Therefore the projections P and Q± can be also considered as continuous maps 
P, Q± : X a —► X a given for any x £ X a by (14.91) . Note that by (14.41) . we have 

SA(t)Px = PSa(P)x and SA(t)Q±x = Q±SA{t)x for t > 0, x £ X. (4.10) 
Furthermore, by Theorem 12.91 and Remark 12.21 we infer that 

Ker (A — Xil) = Ker (/ — e Xit SA(t)) for i > 1, t > 0. (4-11) 

In this section we prove the following resonant averaging principle , expressing, for 
the small e, the Leray-Schauder topological degree degLS of the translation operator 
d>;r(£, •) in terms of the Brouwer degree degs of an appropriate averaging of the 
right side of (14.11) . 

Theorem 4.1. Let A = Xk for some k > 1 and let h: No —>• Nq where No := 
Ker (A I — A), be a map given by 

h(x) := f PF(T,x)dr for x £ N 0 . 

Jo 

Assume that U C Nq and V C X? © A - ”, where 0 £ V, are open and bounded 
subsets. If h(x) ^ 0 for x £ djv 0 U, then there is So £ (0,1) such that for any 
£ £ (0,£o] and x £ d(U © V) we have ^ x and 

degLS (I ~ $t(e, •), U © V) = (-l) dfc • deg B (g, U), 

where do := 0 and di := Y^i=i dim Ker (A N — A) for l > 1. 

Let degs denote the Brouwer topological degree. In the proof we use the following 
theorem and lemma. 

Theorem 4.2. (see |19l Lemma 13.1]) Consider the following differential equation 

u{t) = A f(u(t)), t > 0 

where A £ [0,1] is a parameter and f : —> K" is a bounded and continuous 

map. Let 0^. : R ra —> R" be the translation operator associated with this equation. 
If U C R" is an open bounded set such that fix) 0 for x £ dU, there is Ao > 0 
such that, for A £ (0, Ao] we have <dif(x) x and 

deg B (/ — ©t-, U) = deg B (—/, U). 

Lemma 4.3. If X = Xk for some k > 1, is an eigenvalue of A, then 

(a) e XT S a(T)x / x for x £ Xf © A“, x ^ 0, 

(b) for any open set V C A'“ © AT“ such that 0 £ V we have 

degL S (/ — e XT S A {T)\ X a,® x *,V) - (-l)^ 1 , 

where do := 0 and di := Xu=i dim Ker (A il — A) for l > 1. 

Proof, (a) Assume that H : [0,1] x A“ © X“ —> A“ © A“ is a map given by 

H{p,x) := iie XT S a{T)x + + e XT S a(T)x- for x £ X°f © A“, 

where for x £ X“ © Xf the elements x± £ X“ are such that x = x + + X-. To 
prove the point (a) we show that H(p, x) ^ x for /i £ [0,1] and x £ Xf © X“ such 
that x 0. Suppose by contradiction that 

pe XT Sa(T)x + + e XT Sa{T)x- = x 
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for some /i£ [0,1] and x G such that x ^ 0. In view of (14.41) . it implies that 

He XT S a{T)x + = x + and e XT Sa(T)x- = X-. We show that x + = 0. If ^ = 0 the it 
is immediate. If /x G (0,1] then Sa~\i(T)x+ = (1//P)x+, which along with Theorem 
1 2.!) I and Remark HO imnlies that x + G Ker((A—ln(l / n)/T)I—A). Since ln(l//x) > 0, 
we infer that there is 1 < * < k such that Ax+ = A iX+. In view of m it follows 
that x + G A'_ © X 0 and finally that x + = 0, because x + G X + . Combining (14.111) 
and the equality e XT Sa(T)x- = x_, we deduce that X- G Ker (A— A) = X 0 . 
Since X- G X_, we have X- = 0 and hence x = x+ + X- =0. This is impossible 
because we assumed that x ^ 0. 

( b ) Let V C X° © X“ be an open set such that 0 G V. Since H is an admissible 
homotopy, by the homotopy invariance of topological degree 

degLsU- e XT S A (T),V) = deg L s(4 - H( 1, - ),V) = deg L s (I - H(0, - ),V) 

= deg LS (/ - e XT S A (T)\ x _ ,VnX_). 

By (14.21) and the inclusion Ker (A,;/ — A) C Ker (e^ x ~ Xi ^ T I — e XT S a(T)), Lemma 
12.41 implies that 

a(e AT S A (T)| X _,R) = | 1 < * < k - 1} 

and the algebraic multiplicity of the eigenvalue e ( x - x 0 T ^ w here 1 < * < k — 1 is 
equal to dim Ker (A il — A). Therefore we find that 

deg LS (I~e XT SA(T),V) = aeg LS (I-e XT S A (T) lx _,VnX_) = ( -l) d 
which completes the proof. □ 

Proof of Theorem 14.11 Consider the following family of differential equations 
u(t) = — Au(t) + Xu(t) + eG(s, t, u(t)), t> 0 (4-12) 

where G : [0,1] x [0, +oo) x X a -A X is a map given by 

1 ( T 

G(s, t, x) := sF(t, x) + (1 — s)— / PF{t,Px)<1t 

4 J o 

for s G [0,1], t G [0,+oo), x G X a . It is not difficult to check that G satisfies 
assumptions (FI) and (F2), and hence, by Theorem 13.31 for any x G X a there is a 
mild solution zt( •; s, e, x) : R —>• I" of (14.121) starting at x. Let Ty : [0,1] x [0,1] x 
X a -A X a be a translation operator associated with this equation given by 

^t{s,£,x) := u{T;s,e,x) for (e, s) G [0,1] x [0,1], x G X a . 

By Theorems l3.4l and l3.5l we infer that is completely continuous. We show that 
there is £q > 0 such that for any e G (0, £o] we have £, a;) ^ x for s G [0,1] 

and x G d(U © V). Otherwise there are sequences (e„) in (0,1], (s n ) in [0,1] and 
(x n ) in d(U © V) such that £ n —> 0 as n —> +oo and 

4 ’T{s n ,£ n ,x n ) = x n for n > 1. (4-13) 

Since the operator is completely continuous, by (14.131) . we deduce that the 
sequence (x n ) is relatively compact in X a . Therefore, without loss of generality 
we can assume that s n —>• sq and x n —> Xq as n —> +oo, where Sq G [0,1] and 
Xq G d(U © V). Letting n -A +oo in (14.131) we have 

e XT S A {T)x o = ^t(0, 0, x 0 ) = x 0 , 
which together with (14.111) implies that 

x 0 G Ker (A I - A) = N 0 (4.14) 


and consequently 


e xt SA(t)x o = xo for t > 0. 
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Writing u n (t) := u(t; s n , £ n , x n ) for n > 1, by Theorem 13.41 we assert that 

u n {t) —> u(t; 0, 0, To) = Xq uniformly for t £ [0, T], (4-15) 

On the other hand 


x 0 £ d(U ® V) = d No U ® V U U ® V, 

and hence .To £ 8n 0 U because (14.141) implies that xo G N 0 . Acting the operator P 
on the equation 

rT 


Xn = e XT S A (T)x n +£n [ e A(T r) S A (T - r)G(s n ,T,u n (r)) dr, 

Jo 

and taking into account (14.101) and the inclusion Ker (A I — A) C Ker (J — e xt S A (t)) 

f T 

Px n = e XT S A (T)Px n + £n e x{T ~ T) S A (T - t)PG(s u , r, u n (r)) dr 

Jo 

f T 

= Px n +£ n / PG{r,u n {r)) dr for n> 1, 

Jo 

which implies that 

[ PG(s,t,u„,(t)) dr = 0 for n > 1. 

Jo 

Letting n —> +oo, by (14.151) . we obtain 

f T 

h( To) = / PG(s,t,xq) dr = 0 where To £ 8 n 0 U, 

Jo 

which contradicts the assumption. Therefore there is e® > 0 such that for any 
£ £ (0,£o], the map •, •) : [0,1] x U © V —> X a is an admissible homotopy 

and therefore 

deg L s(L - ®t{£, •), U © V) = deg L s(^ - ^t(s, 1, •), U © V) 

= deg LS (/-vE- T ( £ ,0, -),U®V) (4 ' 16) 


for £ £ (0, £o]- Let </>§. : © X“ —> X“ © X'J be an operator given by 

</4(t) = e XT S a (T)x for x £ X“ © X° 
and let £, •) : TVo —> Nq the translation operator associated with 

u(t) = £h(u(t)), t > 0. 

Then, it is not difficult to see that 

d'7’(s, 0, t) = 4>t(e, -Pt) + 4>t{Qx) for x £ X a , 

and hence, for any e £ (0,1], the map Tr(£,0, •) : X a —>• X a is topologically 
equivalent with : [0,1] x N 0 x (X“ © X“) — > N 0 x (X“ © A'“) given by 

&t(£,u,v) = {(Pt(£,u),(Pt(v)) for e £ [0,1], (u, v) € N 0 x (A“ © X“) 
and therefore 

deg LS (/ - tf T (e,0, •), C/ © V) = deg LS (/ - *r(e, -),UxV) (4.17) 

for s £ (0, £o]. Observe that Lemma |T3] asserts that ^>\{x) ^ x for x ^ 0 and 

deg LS (/- <? T ,V) = deg LS (/ - e XT S A (T) |x«©x-, V) = (-l) dk ~G (4.18) 

Furthermore h(x) / 0 for i £ dU, and hence Theorem 14.21 says that there is 
£i £ (0, £o] such that x) ^ x for £ £ (0, £i], x £ dU and 

deg B (J - ■), U) = deg B (—< 7 , U). 


(4.19) 
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By (14.181) . (14.191) and the multiplicative property of topological degree, for any 
e £ (0, £i], we have 

deg L s(-f - 'Me, •), U x V) = deg L s(d - e XT S A (T),V) • deg B (I - ■), U) 

= (—lM'dege (~g,U) = (—l) dk ~ 1 • (_l) dim ^deg B (g,U) 

= (-l) dfc deg B (ff, U). 

Combining this with (14.161) . (14.171) we infer that 

deg LS (/ ^ Me, ■), U © V) = (—l)Meg B (g, U) 
for e £ (0,£i], which completes the proof. □ 

An immediate consequence of Theorem 14.11 is the following corollary. 

Corollary 4.4. Let U C Nq and V C X? ®Xf where 0 £ V, be open bounded sets 
such that h(x) ^ 0 for x £ 8 n 0 U. If degB(g, U) ^ 0 then there is £o £ (0,1) such 
that, for any £ £ (0,£q], the equation (14.11) admits a T-periodic mild solution. 


5. Index formula for periodic solutions 


We will study the problem of existence of T-periodic solutions for the equation 

u(t) =—Au(t) + Xu(t) + F(t,u(t)), t > 0, (5-1) 

where A is an eigenvalue of the operator A : X D D(A) —> X and F: X a -A- AT is 
a continuous map. Assume that assumptions (Al), (A2), (A3), (FI), (F 3), (F4) 
hold and furthermore 

(F5) F(t + T,x) = F(t , x) for t £ [0, +oo) and x £ X a . 

Theorem 13.31 implies that, for any x £ X a , there is mild solution u( •; x) : R —» X a 
of (15.11) starting at x. Let : X a —> X a be an associated translation along 
trajectories operator give by 


:= u(T-,x) for x £ X a . 

Then Theorems [tt~ti and 1331 say that is a completely continuous map. 

We say that solution u : [0, +oo) —>• X a of the equation (15.11) is T-periodic 
provided u(t) = u(t + T) for t > 0. It is not difficult to check that every fixed point 
of the translation operator can be identified with a starting point of T-periodic 
solution of m- 


Remark 5.1. If the equation (EU is at resonance at infinity, the problem of 
existence of T-periodic solution may not have solutions for general nonlinearity F. 

To see this take F(t, x) := yo for t £ [0, +oo), x £ X a , where yo £ Ker (A/—A)\{0}. 
If u : [0, Too) —> X a is a T-periodic solution of (15.11) . then we have the integral 
formula 


u(t) = e xt S A {t)u(0) + 



- T)y 0 dr 


for t > 0. 


Since Ker (XI—A) C Ker ( I—e xt S A (t )) for t > 0 we infer that u(T) = e XT S A (T)u( 0)+ 
Ty 0 . Acting on this equation by the operator P and using (14.101) we deduce that 


Pu(T) = e XT S A (T)Pu( 0) + Ty 0 = Pu( 0) + Ty 0 = Pu(T) + Ty 0 , 


which is impossible, because yo ^ 0. 


□ 
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To overcome difficulties described in the above remark we formulate the follow¬ 
ing geometrical conditions, which will be used to prove that existence of T-periodic 
solutions for 


(G 1) 


given set B C Xf © A“ there exists R > 0 such that 
( F(t,x + y),x) > 0 for ( t,y,x ) 6 [0,T] x B x X 0 where ||ic||/f > R, 


(G2) 


given set B C Xf © A“ there exists R > 0 such that 
( F(t, x + y), x) < 0 for ( t, y, x) e[0,T]xBx X 0 where \\x\\h > R- 


Now we are ready to prove the following index formula for periodic solutions, which 
determines the Leray-Schauder topological degree of the vector field I — with 
resect to the ball with sufficiently large radius. This theorem is a tool to searching 
the fixed points of and hence the T-periodic solutions for m- 


Theorem 5.2. Assume that X = Xk for some k > 1. 

(i) If condition (Gl) holds, then there is R > 0 such that ^ x for x £ X a 

with II^Hq, > R and 

deg LS (/ — 3 >t, B(0, R)) = (—l) dk . 

(ii) If condition (G2) holds, then there is R > 0 such that <1 ) t(x) ^ x for x G X a 
with ll^llc > R and 

deg LS (/ - $ T , B(0, R)) = . 

Here do := 0 and di := dimKer (A H — A) if l > 1. 

In the proof of this theorem we will consider the family of differential equations 

u(t) = —Au(t) + Xu(t) + sF{t, u{t)), t > 0 (5-2) 

where e G [0,1] is a parameter. Let '■ [0,1] x X a —X X a given by 

4 , 7’(e,a;) := u(T;e,x) for sG [0,1], x G X a , 

be the translation along trajectories operator associated with this equation. 

Before we proceed to prove of the above theorem we prove the following lemmata 
which provides a priori estimates on T-periodic mild solutions. 


Lemma 5.3. There is a constant R > 0 such that if u := u e : [0,+oo) —> X a , 
where e G (0,1], is a T-periodic mild solution for (15.21) . then 

\\Qu(t)\\ a < R for t G [0,T]. (5.3) 

Proof. Since u is T-periodic, for any integer k > 0, we have equality 

u(t) = u(t + kT) for f G [0,T], 


which implies that 

/ t~\~kT 

e Ht+kT-T) SA (t + kT _ T ) F ( T) dT 


for t > 0 and k > 1. Acting on (15.41) by the operator Q + and using (14.101) . we 
obtain 


nt-\-T 

Q+u(t ) = e xt SA(t)Q+u(t) + e J 


e A (t + T-r) SA ( t + T _ r )Q +F ( Ti u ( t )) dT 
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for t > 0 and n > 1. If m is the constant from assumption (F 3), then, by (14.51) 
||Q+u(f)||a < \\e XkT S A (kT)Q + u(t)\\ a 

/ t-\-kT 

1-^5 e A ( t+feT_r ) S A (t + kT — t)Q + F(,u, u(t))|| dr 
r 

< \\e XkT S A (kT)Q + u(t)\\ a + M J 


t+kT e -<t+kT-r) 


it (t + kT- t) 

< \\e XkT S A (kT)Q + u(t)\\ a +mM\\Q + \\ L{X ) 

a —ckT 


||0 + F(/u,m(t))|| dr 
dr 


t+kT e - c (t+kT-T ) 


< M 


(kry 


\\Q+u(t)\\ + mM\\Q + \\ L{X ) 


t ( t + kT - t)° 
dr. 


t-\-kT c(£+fcT— t) 


( t + kT — t) c 


where c,M >0. On the other hand, for k > 2, we have 


r t+kT e _ c ( t+ feT-r) 


(t + kT — t)‘ 


■ dr = 


r t+(k-l)T - c (t+kT—r) 


(t + kT — t)‘ 


■ dr - 


rt+kT -c(t+fcT—r) 


rt+(k — \)T r 

/ T -a e -c(t+fcT- T ) dT + 

Jt Jt- 

= T~ a (e~ cT - e~ ckT )/c + T 1 ~ a /(l - a). 

In a consequence, for any t £ [0, T] and integer k > 0, we find that 


< 


t+(k—i)T (t + kT — t) c 
t-\-kT -j^ 


dr 


t+(k-i)T (t + kT — t) c 


■ dr 


p-ckT / T \ 

\\Q+u(t)\\ a < M— \\Q + u(t)\\+mM\\Q + \\ L (x)T~ a ^e" cT - e~ ckT )/c+ — J . 

Hence, letting with k -+ +oo, we assert that 

\\Q+u(t)\\ a < mM\\Q + \\ LiX )T- a (e~ cT /c + =: R x (5.5) 

for t G [0, T]. Now we act on equation (15.41) by operator Q_. Then, in view of 
(14.101) . we have 


-A kT 


/ t-\-kT 

e A (* _r ), S A (t — T)Q-F(n,u(T)) dr (5.6) 

for any t € [0,1] and integer k > 1, because the semigroup {iSU(i)}t>o extend on 
X _ to a Co group of bounded operators. Therefore, by S3) 


\\ e ~ XkT S A (-kT)Q_u(t)\\ < M e~ ckT \\Q-u(t)\\, 
where c,M >0, which together with m gives 
\\Q-u(t)\\ < \\e~ XkT S A (—kT)Q- U (t)\\ 

pt-\-kT 

+ / \\e x{t ~ T) S A (t - t)Q-F(s, «(t))|| dr 


r t+kT 


e c(t-r) 


||Q_F(s,m(t))|| dr 


r 

<Me~ ckT \\Q-u(t)\\ + M J 

/ t-\-kT 

e c(t " T) dr 

= M e~ ckT \\Q-u(t)\\ + mM||Q_|| i(x) (l - e~ ckT ) /c. 
Letting k —> +oo we obtain 

\\Q-u(t)\\<mM\\Q-\\ L{x) /c for te[0,T]. 


(5.7) 
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Since X_ is finite dimensional, there is a constant C' > 0 such that 

||x|| a < C'||a:|| for x £ X_. (5.8) 

Hence, by (E3, we have 

\\Q-u(t)\\ a <mC , M\\Q_\\ L{ x ) /c=:R 2 for fe[0,T], (5.9) 

Taking into account the inequalities (15.51) and m , for any t £ [0, T], we have 
\\Qu{t)\\ a < ||<5-w(i)||a + \\Q+u(t)\\ a < ||Q-|U ( x<*)||w(i)||a + ||Q+|U(x«)||w(i)|U 
< Ri\\Q + \\ L ^x a ) + R2WQ- ||l(a'“) ; = R, 

which completes the proof. □ 


Lemma 5.4. Assume that Nq := Ker (A — XI) and let g: Nq — >• Nq be given by 
g(x) := f PF(s,x)ds for x G Nq. 


Jo 

(i) If condition (Gl) holds, then there is Rq > 0 such that g(x) ^ 0 for x G Nq 
with ||x||ff > R 0 and 

degB(3, B(0, R)) = 1 for R>Ro- 

(ii) If condition (G2) holds, then there is Rq > 0 such that g(x) ^ 0 for x G Nq 
with ||x||ir > R 0 and 

deg B ( 3 , H(0, i?)) = (_i) dimAr o for R>R 0 . 

Proof. For the proof of (z), define the map H: [0, 1] x JVo —> Nq by 
H(s,x) := sg(x) + (1 — s)x for x G Nq. 

By condition (Gl) there is a constant Rq > 0 such that 

(. F(t,x),x)h >0 for t G [0 ,T], x G Nq such that \\x\\h > Ro, 

which, after integration, implies that 

r T 


{g(x),x)n = / (F(t,x),x)h dr > 0 for x £ N 0 such that ||x||ij > Rq. (5.10) 


Jo 

Let R > Rq. We show that H(s , x) 7 ^ 0 for s G [0,1] and x £ N 0 where ||x||_y = R. 
Otherwise there is s £ [0,1] and x £ N 0 with ||cc||^ = R such that H(s,x) = 0. 
Consequently 


0 = (H(s,x),x) h = s(g(x),x) H + (1 - s)(x,x) H - 

If s = 0 then 0 = \\x\\ 2 H = R 2 , which is impossible. If s £ (0,1] then 0 > (g(x),x), 
which contradicts (|5.10[l . Hence, by the homotopy invariance, 

deg B («?, B( 0, R)) = deg B (H(l, •), B(0, R)) = deg B (/f(0, ■), B(0, R)) 

= deg B (J, B(0, R)) = 1, 

and the proof of (z) is completed. To verify (zz) observe that condition (G2) implies 
the existence of Rq > 0 such that 

(. F(t,x),x)h <0 for r G [0,T], x £ Nq with ||x||jj > Rq, 
which, after integration, gives 

(g(x),x)n = [ (F(t,x),x)h dr < 0 for x £ No with ||a;||jj > Rq. (5.11) 

Jo 

Therefore, for any R> R 0 , the homotopy H: [0,1] x N 0 —> N 0 given by 
H(s,x) := sg(x) — (1 — s)x for x £ Nq 
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is such that H(s,x) ^ 0 for s £ [0,1] and x £ No with \\x\\h = R. Indeed, if 
H(s,x) = 0 for some s £ [0,1] and x £ No with ||x||# = R , then 

0 = (H(s,x),x) h = s(g(x), x)h - (1 - s)(x,x) H - 

If s £ (0,1] then (g(x),x)n > 0, contrary to (15.111) . If s = 0 then R 2 = \\xWjj = 0, 
which is again impossible. Hence, by the homotopy invariance, 

deg B ( 5 ,5(0,5)) = deg B (—/, 5(0, R)) = (-l) dimJV °, 

which completes the proof. □ 


Proof of Theorem 15.21 Step 1. We show that there is Rq > 0 such that 

d / T(e, x) ^ x for e £ (0,1] and x £ X a with ||x|| a > Rq- (5-12) 

Suppose contrary that there are sequences (x ra ) in X a and (e„) in (0,1] such that 
||x n ||a —> +oo as n —>■ +oo and 


'Zf T (£n,Xn) = X n for n > 1. 

Writing z n := x n /||x n || a , u n := u(-;e n ,x n ) and v n := u( ■ ;£„, x n )/\\x n \\ a we see 
that 

V n (t) = e xt S A (t)z n +e n [ e x ^~ T) S A {t-T)F(r,u n (r))/\\u n \\ a dr (5.13) 
Jo 

for t £ [0, T ] and n > 1. Define 

Unit) := e n [ e A(t_T) 5 J 4(t - r)F(r,u„(r))/||x„|| a dr. (5-14) 

Jo 

Since A is sectorial, there are constants M > 0 and co £ R such that 
\\A%S A (t)x\\ < Mt~ a e Cot for t > 0. 

Then, for any t £ [0, T] and n > 1, we have 


\\y n (t)\\ a < e n f ||e A(4 T) A2S A (t - T)F(T,u n (T))\\/\\x n \\ a dT 
Jo 

< [ Me (|A|+|c|)T (t - r) _ “||5(r,'it n (r))||/||x rl || a dr 

Jo 

< [ mMe (|A|+|c|)T (t - t) 

Jo 


mMe^ l A l+l c 0 T , 

- a/ \\xJLdT<- - —^T 1 - 


(1 Cfc)||x n || a 

where m is the constant from (53). Therefore, letting n —> +oo, we find that 

||2/n(i)llc* ->• 0 as n ->■ +oo, (5.15) 


and the convergence in uniform for t £ [0,T]. With the compactness of the semi¬ 
group {S A (t)}t> o the set {e At S A (t)z n \ n > 1} is relatively compact in X a . Com¬ 
bining this fact with (15.131) and (15.151) , we infer that the set 

{z n | n > 1} = {v n (T) | n > 1} 


is also relatively compact in I". Therefore, passing if necessary to a subsequence, 
we can assume that there is zq £ X a such that z n —> zq in X a as n — > + 00 . Since 
II||a = 1, we obtain ||zo|| a = 1. Writing the equality (15.131) with t := T we have 

~o = e XT S A (T)z 0 

which, by (14.111) . implies that z 0 £ Ker (XI — A) and consequently 

e xt S A (t)zo = Zq for t > 0. 

From (15.151) . we conclude that, for t £ [0,T], 

v n (t) —> zq w X a , as n —>• +00 uniformly for te[0,T]. 


(5.16) 
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From Lemma T5. 3 1 we deduce that there is a constant C > 0 such that 

\\Qu n {t)\\ < C for t G [0,T], n > 1. (5.17) 

In conditions (Gl) and (G2), let the set B be a ball in X a with the radius G. Using 

(14.81) . we infer that there is Ro > 0 such that 

(PF(t,x + y),x) > 0 for (t,y,x) G [0,T] x B x X 0 with ||x||# > Ro, (5.18) 

if condition (Gl) is satisfied and 

(PF(t,x + y),x) < 0 for (t,y,x) G [0,T] x B x X 0 with ||a;||# > Ro, (5.19) 

if the condition (G2) holds. Acting by the operator P on the equation 

u n (t) = e xt SA(t)x n + e n f e x{t ~ r) SU(t - t)F(t, u„(t)) dr for t > 0, 

J o 

from (14.101) and the inclusion Ker (A I — A) C Ker (/ — e Xi SA{t)), we have 

Pu n {t) = Px„ + £ n f PF(t, u n (r )) dr 

Jo 

for t G [0, T] and n > 1. Hence the map Pu n is continuously differentiable on [0, T] 
and 

clUn ^ = E n PF(t,u n (t)) for n > 1. 
at 

Therefore, for t G [0,T] and n > 1, we have 

^ \\\PUu{t)W 2 H = , u n{t)^ = £n{PF{t,U n {t)),Pu n (t)) H 


which, after integration, gives 

0 = 7 ;(\\Pun{T)\\ H - ||Pu ti (0)||h) = £ n [ (PF{t , Pu n (r ))h dr 

^ Jo 


(5.20) 


— 


(F{t, Qu n (r) + ||u„|| a Pz;„(r)), \\u n \\ a Pv n (r)) H dr 


for n > 1. In view of (15.161) we find that Pv n (t) —> Pzq = z o in X a , uniformly for 
t G [0,T], Since zq ^ 0, there is no > 1 such that \\Pv n (t) — Zq\\h < ||^o||///2 for 
n > no and t G [0, T], Then 

\\Pvn(t)\\ H >\\zo\\h ~ \\z 0 \\h/2 = \\zo\\h/2 for n > n 0 , t G [0,T], 
and hence, increasing no > 1 if necessary, we deduce that 

llllunHa-P^WII > Ro for n > n 0 , t G [0,T]. (5-21) 

In the case of point («), the inequality (15.211) together with (15.181) and (15.171) . imply 
that 

[ (PF(T,Qu r (T) + \\u n \\ a Pv n (T)), \\u n \\ a Pv n (T)) dr > 0 for n>n 0 . 

Jo 

On the other hand, in the case of point (m), the inequality (15.211) along with (15.191) 
and (15.171) . give 

[ (PF(T,Qu n (T) + \\u n \\ a Pv n (T)),\\u n \\ a Pv n (T))dT <0 for n> no- 

Jo 

In the both cases we obtain a contradiction with (15.201) . because £ n G (0,1] for 
n > 1. Thus we proved (15.121) and the proof of Step 1 is completed. 

Step 2. To complete the proof of theorem, we show that there is £o > 0 such that 
for any e G (0, £o] 

deg LS (/ - 'Mo •), B( 0, Ro)) = (-l) dfc (5.22) 
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if condition (Gl) is satisfied and 

deg LS (/ - tt T (e, -),B(0,Ro)) = (—l) dfe_1 , (5.23) 

if condition (G2) holds. Lemma T5.4I asserts the existence of R\ > Rq such that 

g(x) ^ 0 for x G N 0 such that ||x||if > R\ (5-24) 

and furthermore 

deg B (g, 77(0, R)) = 1 for R>R U (5.25) 

if condition (Gl) is satisfied and 

degs(g, 77(0, 7?)) = (—l) dimJV for R>R X (5.26) 

if condition (G2) holds. Let R 2 := max(7?i/Gi, R±), where C\ > 0 is a constant 
such that 

Ci{\\Px\\h + ||Q®||a) < ||®Ha for x€X a . (5.27) 

Define 

U := {x G N 0 | ||x||jy < R 2 } and V := {x G | ||x|| Q < 7721 - 

In view of (15.271) we deduce that 77(0, 7?i) C U © V. By Step 1 and the fact that 
R\ > Ro, the excision property of topological degree gives 

deg LS (/ - r (e, •), B( 0, Ro)) = deg LS (I - tf T (e, ■ ),U © V) (5.28) 

for e G (0,1]. Further, from (15.241) and the fact that R 2 > R\ we find that g(x) ^ 0 
for x G dN 0 U. Hence, by Theorem 14.11 we have £0 G (0,1) such that for any 
£ G (0, £ 0 ], ^t(s,x) / x for x G d{U © V) and 

deg L s(7 - 'F t (£, - ),U®V) = (~l) dk • deg B ( 3 , U), 

which, by (15.281) . gives 

deg L s(-f — 4 /t(£, •), 73(0, Ro)) = (—l) dk ■ degs(g, U) for £G(0,£ O ]. 

Combining this with (15.251) and (15.261) . we prove (15.221) and (15.231) . which completes 
the proof. □ 


6. Applications 

Let us assume that Q C R" is an open bounded set with G°° boundary. Let A 
be a uniformly elliptic symmetric second order differential operator with a Dirichlet 
boundary conditions: 

n 

Av(x) = — ^ Dj(a,ij(x)Div(x)) for v G G 2 (H) 

i,j =1 

with ciij = aji G G 2 (Cl) for 1 < i, j < n. Furthermore let g : [0, + 00 ) xHxRxR n —>• 
1 be a continuous map satisfying the following assumptions: 

(El) there exists C > 0 such that 

\g(t,x,si,yi) - g(t, x, s 2 , y 2 )\ < G(|si - s 2 \ + \yi - 32 1), 
for t G [0,+oo), ig!1, Si,S 2 G R and 31,32 £ R", 

(E2) there is a constant m > 0 such that 

\g(t,x, s,y)\ <m for x G D, G R, 3 G R", t G [0,+ 00 ). 

Write X := L P (Q), where p > 1, and define the operator A p : X D D(A p ) —> X by 
D(A P ) := Wq ,p (f2) and A p v := Av for v G D(A p ). (6.1) 
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Proposition 6.1. (see EUSJ) The following assertions hold. 

(a) The operator A p is positively defined, sectorial and has compact resolvent. 

(b) If the domain D{A p ) is equipped with the graph norm 

IMId ( a p ) := P P u|Up(fi) + IMU*>(n) for v G D(A P ), 
then inclusion D{A p ) C W 2,P {I 2) is compact. 

(c) The operator A 2 : L 2 (12) D D(A 2 ) —> L 2 {d) is self-adjoint. 

From Lemma 16.11 (a) it follows that the operator A p : X D D{A p ) —> X is 
positively defined sectorial operator on X , and hence it define a fractional space 
X a := D{A p ), (a G (0,1)) with the norm 

||«||a := \\A%v\\ for v G A“. 

From now on we assume that 

(2?4) p>2n and a G (3/4,1). 

Remark 6 . 2 . (a) Observe that A p satisfies assumptions {AT), (A2) and (A3). 
Indeed, by Theorem [Bj] (a) we infer that A p has compact resolvent, that is, {AT) 
holds. Let us take H •.= L 2 { 12) equipped with the standard inner product and norm. 
Since 12 is bounded and p> 2 we have the embedding i : L p (12) c —> L 2 (12) and hence 
assumption {A2) is satisfied. Using the boundedness of 12 again, we see that for 
A := A 2 we have D{A p ) C D{A) and furthermore Av = A p v for v G D{A p ). This 
proves that i x i [Gr A p ] C A. By Theorem 16.11 (c) the operator A is self-adjoint 
and therefore the assumption (A3) is satisfied. 

{b) By Remark [2721 we see that a(A p ) = {A^} where 

0 < Ai < A 2 < ... < Xi < Aj+i < ... 
is a sequence of eigenvalues, which is finite or A,; —>• +00 as i —> + 00 . 

(c) In view of {E4f one has a G (3/4,1) and p > 2 n. Therefore 2a — ^ > 1 and 
using in Theorem 1.6.1] one has 

X a cC 1 (n). (6.2) 

{d) By HU Theorem 1.4.8], the inclusion X a C X& is compact, if a > j3 > 0. □ 

By Remark [H2] (c), we can introduce a mapping F: [0, + 00 ) x X a —>• A' given, 
for v G X a by the following formula 

F{t, v){x) := g{t, x, v{x), Vv{x)) for 2 G [0, + 00 ), x G 12. (6-3) 

We call F the Niemytzki operator associated with /. 

Lemma 6.3. The following assertions hold. 

(i) The map F is well defined, continuous and satisfies assumption {FI). 

(ii) There is K > 0 such that 

j|.F(t, u)|| < K for tG[0,+ 00 ), v G X a . (6.4) 

Proof. In view of (16.21) . the inclusion X a C IU 1 ,P (12) is continuous and hence there 
is M > 0 such that 

< M||«|| a for v G X a . 

By the assumption {E 2), for any u G X a we have 

\g(t.,x,v{x),Vv(x))\ < m for t G [0, + 00 ) and x G 12. 


(6.5) 
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Hence, for any t G [0, +oo) and v € X a , we infer that 


||F(t,i;)|| p = / \g(t,x,v(x), C7v(x))\ p dx < m p \Cl\, 

J(i 

and the inequality (16.41) is satisfied with K := m |H| 1//p , which proves (ii). To 
verify that F satisfies (FI), take t G [0,+oo) and v\,v 2 G X a and observe that 
assumption (El) implies 


\\F(t,Vi)~F(t,V2)\\ p < 
< L p 


/ \g(t,x,v 1 (x),Xv 1 (x)) - g(t,x,V2(x), Vv 2 (x))\ p dx 
l(i 

(|pi(s) - Vi(x)\ + |Vhi (x) - Xv 2 (x)\) p dx 


< 2 p ~ l L p 


\vi(x) — v 2 (x)\ p dx + / |Vui(a;) — Vu 2 (:r)| p dx 

Jn 


< 2>~ 1 If\\v 1 v 2 \\ P wl , p{n) < 2 p ~ 1 M p L p \\v 1 - v 2 || p • 

Consequently 

\\F(t,i>i) - F(t,v 2 )\\ <2 1 ~ 1/p ML\\v 1 -v 2 \\ a for t G [0, +oo), v\, v 2 G X, 

and assumption (FI) holds. We now check that F is continuous. To this end let 
(t n ) in [0, +oo) and (v n ) in X a be a sequences such that t n —> to and v n —>• vq as 
n —> oo. Suppose that (nk) is an increasing sequence of positive integers such that 
rife —> Too as k —> Too. In view of continuity of the inclusion X a C W 1 ,p (12), there 
is a subsequence rife, of (nk) such that v nki (x) vo(x) and Vu rlfcj (x) Xvo(x) as 
l —>• oo, for a.a. i£!1. Then 

g(tn ki ,x,v nk[ (x),Xv nki (x)) ->■ g(t 0 , x, v 0 (x), Vv 0 (x)) as l ->• Too 
for a.a. igll. On the other hand, from the inequality (16.51) it follows that 
\g(t nk , x, v nk[ (x), Vu„(a:))| < m for a.a. x G H and l> 1. 
Therefore, by the dominated convergence theorem, we find that 
F(t nkl , v nkl ) -T F(t 0 , v 0 ) as l -T Too 
in A' = L P (Q), which completes the proof. □ 


6.1. Unique continuation property. In this section we recall the facts concern¬ 
ing the unique continuation property. We start with the following definition. 


Definition 6.4. We say that v G IT,'’ (Cl) is a distributional solution of Av = Xv, 
where A G R, if 

/ aij(x)Div(x)Djif(x)dx= / A v(x)ip(x) dx for 

where Cfi°(Cl) is the set of smooth functions with compact support contained in Cl. 

The following theorem is known as the unique continuation property for elliptic 
operators and is a consequence of Theorem 1.1 from [131 and Proposition 3 from 
El. For more detail see also El. ED, III and references contained therein. 

Theorem 6.5. Let A G K and let v G W)*’ c (Cl) be a distributional solution of the 
equation Av = Xv which is equal to zero on the set of positive measure. Then 
v(x) = 0 for a.a. x G Cl. 

Corollary 6.6. Assume that X = Xk, where k > 1, is an eigenvalue of A p . If 
v G Ker (XI — A p ) \ {0} then the set {x G Cl \ v(x) = 0} is of measure zero. 
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Proof. Assume that v £ D(A p ) C W 2 ’ p (Li) satisfies A p v = Xv , where A = Xk for 
k > 1. Since p > 2 we see that v £ Wff c (f2). Furthermore for any £ C'g°(il) we 
have 


Xv(x)<p(x) dx 


/ ^( 1 )^( 1 ) dx 
Jn 



Dj(aij(x)Div(x))ip(x) dx 



ciij ( x)Div(x)D jLp{x ) dx, 


which proves that v is distributional solution of Av = Xv. Since v ^ 0, from 
Theorem 16.51 it follows that the measure of the set {x £ Q \ v(x ) = 0} is equal to 
zero, which completes the proof. □ 


6.2. Resonant properties of Niemytzki operator. In this section, our aim is 

to examine what assumptions should satisfy the mapping / so that the associated 
Niemytzki operator F meets the introduced earlier geometrical conditions. We start 
with the following theorem which says that well known Landesman-Lazer conditions 
introduced in [20] are actually particular case of conditions (Gl) and (G2). 


Theorem 6.7. Suppose that the continuous functions g+, <?_ : —> R are such that 

9+(x)= lim g(t,x,s,y) and g-(x) = lirn g(t,x,s,y) 

s —»-+oo s —»—00 

for x £ f2, uniformly for t £ [0, +00) and y £ K". Let B C X“ ® X“ be a subset 
bounded in the norm |j • || a . 


(i) Assume that 

( I'Ll ) 


i{v>o} 


g+(x)v(x) dx + 




g-(x)v(x) dx > 0 


for v £ Ker (A I — A p ) \ {0}. Then there is R > 0 such that for any t £ [0, T] 
and ( ui,v ) £ B x Xo with ||u||l 2 > R, we have the following inequality: 

(F(t,w + v),v ) L 2 > 0. 

(ii) Assume that 

(LL2) / g+(x)v(x) dx + / g-{x)v(x)dx< 0 

J {v> 0 } J{v< 0 } 

for v £ Ker (XI — A p ) \ {0}. Then there is R > 0 such that for any t £ [0, T] 
and ( w,v ) £ B x Xo with ||u||l 2 > R, we have the following inequality: 

(F(t,w + v),v) L * < 0. 


Proof. Since the proofs of points (i) and (ii) are analogous, we focus only on the 
first one. Suppose, contrary to the point (i), that there are sequences (t n ) in [0,T], 
(w n ) in B and (v n ) in Xo such that ||Un||L 2 —> 00 when n —>• 00 and 

(F(t n ,w n + v n ),v n ) L 2<0 for n > 1. (6.6) 

For n > 1, we define z n := n n /||tin||L 2 - Since Xo is finite dimensional space, with 
out loss of generality we can suppose that there is Zo £ Xo such that z n —> Zo in 
L 2 (H) and z n (x) — > zq(x) for a.a. x £ fl as n — > 00. In view of the fact that A p 
has compact resolvents, Remark l6.2l ld) says that X“ is compactly embedded in X. 
Therefore, the boundedness of (w n ) in X“, implies that this sequence is relatively 
compact in X'. Hence, passing if necessary to a subsequence, we can also suppose 
that ui n —>• wq in X where wo £ X = L P (Q) and furthermore w n (x) —> wq(x) for 
a.a. x £ fl as n —> 00. From m , we have 

(■ F(t n ,w n +v n ),z n - z 0 ) L 2 + ( F(t n ,w n + v n ),z 0 ) L 2 < 0 


(6.7) 
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for n > 1. Furthermore, by Lemma 16.31 (ii) . the map F is bounded, and hence the 
convergence z n —> zq in L 2 (fl), implies that 

(F(t n ,w n + v n ),z n - z 0 ) L 2 < \\F(t n ,w n + v n )\\ L *\\z n - z 0 \\ L 2 ->• 0 (6.8) 

asn-l +oo. If we dehne Q + := {x £ f2 | zo(a;) > 0}, := {a; £ | zo(x) < 0} 

and c n = w n + v n , then 


(6.9) 


{F(t n , w n + v n ), zq ) L 2 = / g(t n ,x,c n (x),\7c n (x))z 0 (x)dx 
Jn 

= / g(t n ,x,c n (x), X7c n (x))z 0 (x)dx + / g(t n ,x,Cn(x), X7c n {x))z 0 (x) dx 
J f2_|_ J O 

for n > 1. Observe that the equation 

c n (x) = w n {x) + v n (x) = w n {x) + ||h n ||i 2 ^ n (a;) for a.a. x £ f2+ and n > 1 
leads to the convergence 

c. n {x) = w n (x ) + v n {x) —»■ +oo for a.a. x £ f2+ as n —> oo, 
which together with assumption (E 2) and dominated convergence theorem gives 

/ g(t n ,x,w n (x) +v n (x), Vw n (x) + Vv„(x))z 0 (x) dx -> / g+(x)z 0 (x) dx 

J r2_)_ J q + 

when n —> +oo. Proceeding in the similar way, we infer that 

/ g(t n ,x,w n (x) + v n (x),Xw n (x) + Vv n (x))z 0 (x)dx ->• / g-(x)z 0 (x)dx 

Jfl- J f2_ 

when n —> +oo. Hence, combining this with (ROD yields 

(F(t n , w n +v n ), z 0 ) L 2 / g + (x)z 0 (x) dx+ g-(x)z 0 (x)dx as n ^ oo. 

J f2_|_ J Q,_ 

Therefore, letting n —> oo in and using (1(01) . we infer that 

/ g+(x)zo{x) dx + / g-(x)zo(x) dx < 0, (6.10) 

J f2_|_ J fi_ 

which contradicts condition (LL 1), because ||2 o||l 2 = 1- Thus the proof of point 
(i) is completed. □ 

The following lemma proves that assumptions (Gl) and (G2) are also conse¬ 
quences of the strong resonance conditions from i, (Ml, HU. 

Theorem 6.8. Assume that there is a continuous function g ^: fl —> R such that 

ffoo(z) = lim g(t,x,s,y)-s 

|s|—H-oo 

for x £ H, uniformly for t £ [0,+oo) and y £ R”. Let B C © Xf he a set 
bounded in the norm || • || a . 
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(i) If the following condition is satisfied 

( there exists a function q £ Zr(fi) such that 
g(t, x,s,y)-s> q{x) for (t, x, s, y) £ [0, +oo) xflx. 


and 


/ goo{x) dx > 0, 


V J a 

then there is R > 0 with the property that for any t £ [0, T ] and (u, v) £ BxXq 
with \\v\\l,2 > R, one has 


(F(t,w + v),v ) L 2 > 0. 

(ii) If the following condition is satisfied 

there exists a function q £ Lr(Vl) such that 
g(t 1 x, s,y) ■ s < q(x) for (t, x, s , y) £ [0, +oo) x x R. x R" and 

/ goo(x ) dx < 0, 

■In 

then there is R > 0 with the property that for any t £ [0,T] and (w,v) £ 
B x Xq with ||zl|| L 2 > R, one has: 

(F(t,w + v),v) L 2 < 0 . 



Proof. It suffices to prove the first point, as the proof of the second one goes 
analogously. We argue by contradiction and assume that there are sequences (t n ) 
in [0,T], (w n ) in B and (v n ) in Xo such that ||u n || i 2 —> +oo and 

{F(t n ,w n + v n ),v n ) L 2<0 for n > 1. (6.11) 

Since B C X° is a bounded set and the inclusion X a C X is compact, passing if 
necessary to subsequence, we can assume that there is wq £ X such that w n wq 
in A' and w n {x) —> wq(x) for a.a. x £ SI as n —> +oo. For any n > 1, define 
z n '■= h n /||un ||l 2 - Since A'o is a finite dimensional space we can also assume that 
there is zo £ Xq such that z n zq and z n {x) —> zo{x) for a.a. x £ as n —>• +oo. 
Put c n := w n + v n for n > 1 and take x £ 0 + := {x £ ft \ zq{x) > 0}. Then 

c n (x) = W n (x ) +V n (x) = W n (x) + \\Vn\\L*Z n (x) -¥ +OO, (6-12) 

when n —>• +oo. If we take x £ := {x £ \ zo(x) < 0} we infer that 

C n (x) = W n {x) +V n (x) = W n (x) + \\Vn\\L 2 Z n {x) -OO (6.13) 

when n —>• +oo. Using (16.111) we derive that 

(F(t n ,w n + v n ),w n +v n ) L 2 < (F(t n ,w n + v n ),w n ) L 2 (6.14) 

for any n > 1. Note that for the both conditions (SRI) and ( SR2 ) we have 



g(t n ,x, Cn(x), Vc n (x))c n (x) dx > -\\h\\ L1 


oraz 



g(t n ,x, c n (x), S7c n (x))c n (x) dx > -\\h\\ L1 


for 


n > 1. 


(6.15) 


Since zq ^ 0, from Corollary 16.61 it follows that the Lebesgue measure of the set 
Uo := {x £ | zq(x) = 0} is equal to zero. Therefore, applying the inequalities 
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(16.151) . we infer that 

liminf (F(t n , w n + v n ),w n + v n ) L a = liminf / g(t n , x, c n (x), Vc n (x))c n (x) dx 

n -±-\-oo n—>-+00 Jq 

> liminf / g(t n , x, c n (x), Xc n (x))c n (x) dx 

n^+00 J n+ 

+ liminf / g(t n , x, c n (x), Vc„(cc))c„(x) dx. 

n^+oo J n _ 

According to the assumption of lemma 

g(t n , x, c n (x), Vc n (x))c n (x) > h(x) for n > 1, oraz p.w. x £ Cl, 
and hence, combining (16.121) . (16.161) and Fatou lemma gives 

liminf(F(t„,?h„ + v n ),w n + v n ) L a = liminf / g(t n , x, c n (x), Vc n (x))c n (x) dx 

n—>-+oo n—>-+00 J q 

> / liminf g(t n , x, c n (x), Vc n (x))c n (x) dx 

J o+ 7W +°° 

+ / liminf g(t n , x, c n (x), Vc„(x))c n (x) dx 
J n_ 

= / goo(x)dx+ / goo(x)dx= / g oa (x)dx, 

J Q_|_ J 5 T 2 J Q 

which in turn, implies that 

limmi(F(t n ,w n + v n ),w n +v n ) L 2 > / g OQ (x)dx. ( 6 . 16 ) 

n^+00 ./<) 

Since is a bounded set, the inclusion X C L 2 (fl) is continuous. Hence there is 
M > 0 such that 

||u || i 2 < M||u|| a for v £ X a . 

From the boundedness of £?, it follows that there is a constant r < +00 such that 
r := sup{||w ra ||i 2 | n > 1}. Then, for any n > 1, 

(F(t n ,w n + v n ),w n ) L 2 < \\F(t n ,w n +v n )\\ L 2\\w n \\ L 2 < r\\F(t n ,w n + v n )\\ L 2. ( 6 . 17 ) 

Note that, from the assumptions of lemma, we have 

lim g(t,x,s,y) = 0 (6.18) 

|s|—>+00 

for x £ H, uniformly for t £ [0,+ 00 ) and y £ 1". Therefore, combining (16.121) . 
(16.161) and (16.181) . yields 

g{t n , x, c n (x), Vc n (x)) —t 0 for a.a. xGf2 + Ufl_. 

Since fl 0 is of Lebesgue measure zero, the boundedness of / (assumption (E 2)) and 
dominated convergence there imply that 

|| F(t n , W n -f Vji) || £2 — j 5 Cn (^-) > ^Cn (*e)) |~ dx 

J n + 

+ / \g(t n ,x,c n (x), Vc n (x))\ 2 dx -A 0, 

J o_ 

when n —> + 00 . Hence the inequality (16.171) implies 

(F(t n ,w n + c n ),w n - v„) L 2 -a 0 as n->■ + 00 , 
which along with (16.141) and (16.161) . leads to 

0 > lim inf (F(t n ,w n + v n ),w n + v n ) L 2 > / g 00 {x)dx. 

n^+00 J n 


( 6 . 19 ) 
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This inequality contradicts the condition (SRI) and hence the proof of point (i) is 
completed. □ 

6.3. Existence of periodic solutions. In this section we intend to provide ap¬ 
plications to study the existence of T-periodic solutions for particular differential 
equations being at resonance at infinity. It is worth nothing that the similar results 
were obtained by other authors, for example in m 0 , 0 , m, m- As a novelty 
we can recognize the fact that we examine equations were gradient is involved with 
the nonlinearity. To be more precise we shall consider parabolic equations of the 
form 

Vt(t, x) = — Av(t, x) + Xv(t, x) + g(t, x, v(t, x), X7v(t, x)), t > 0, x£Ll (6.20) 

where A £ 1, and / : [0, +oo) x f! x M x M n —» R is a continuous map satisfying 
assumptions (El) — (E 3) and 

(E4) there exists T > 0 such that g(t,x,s,y) = g(t + T, x, s, y) for t £ [0, +oo), 
x £ LI, s £ R, y £ R™. 

This equation may be written in the abstract form as 

v(t) = — A p v(t) + Xv(t) + F(t, v(t)), t> 0. (6-21) 

Definition 6.9. Let J C R be an interval. We say that v : J —» X a is a solution 
of the equation (16.2011 . if u is a mild solution of (16.211) . 

From Lemma [6.31 it follows that F satisfies (El) and (E2). Hence Theorem 13.31 
implies that for any uo £ X a , equation (16.211) admits a mild solution u(-;v o) : 
[0,+oo) —>■ X a such that u(0;uo) = uo- Define the translation along trajectories 
operator ■ X a —> X a associated with (16.211) by 

$t(u) := u(T\v) for v £ X a . 

Then is a completely continuous map as a result of Theorems 13.41 and 13.51 We 
proceed to applications of the results obtained in previous sections to study the ex¬ 
istence of periodic solutions. We start with the following criterion with Landesman- 
Lazer conditions. 

Theorem 6.10. A ssume that there are continuous functions g±: Q —>• R such that 
g+(x)= lim g(t,x,s,y) and g-(x) = lirn g(t,x,s,y) 

s —»-+oo s—y — oo 

for x £ fl, uniformly for t £ [0, +oo) and y £ K n . If X = Xk for some k > 1 and 
either (LL 1) or (LL2) is satisfied, then the equation (16.201) admits a T-periodic 
solution. 

In the proof we use the following index formula with Landesman-Lazer condi¬ 
tions, which is an immediate consequence of Remark l6.2l (a,) and Theorems 16.71 and 

[521 

Theorem 6.11. Under the assumptions of Theorem 1 6.1 0\ there is R > 0 such that 
®r(u) ^ v for v £ X a with ||u|| Q > R and 

(i) deg L s(-f — 3 >t, B(0, R)) = ( -l) dk , if (LLl) holds; 

(ii) deg L s(-f — B(0, R)) = (-l)^- 1 , if (LL2) holds. 

Proof of Theorem 16.101 By Theorem 16.111 and the existence property of topo¬ 
logical degree, we see that each of the conditions (LL 1) or (LL2) implies that there 
is vo £ X a such that ^(uo) = uo- In view of assumption (E4) we infer that 
F(t,v) = F(t + T, v) for t > 0 and v £ X a , which implies that vq is a starting- 
point of a T-periodic solution of (16.211) being, by definition, a T-periodic solution 
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Of (IQUll . □ 

Now we prove the criterion with strong resonance conditions. 

Theorem 6.12. Let 51 C R" where n > 3, be an open bounded set and assume that 
there is a continuous function goo : 51 —> R such that 

goo{x)= lim g(t, x, s,y) ■ s 

\s\— H-oo 

for x £ 51, uniformly for t £ [0,+oo) and y £ R”. If A = A k for some k > 1 
and either condition (SRI) or (SR2) is satisfied, then the equation (16.2011 admits 
a T-periodic solution. 

In the proof we use the index formula with strong resonance conditions, which is 
a direct consequence of Remark [R2] (a) and Theorems 16.81 and 15.21 

Theorem 6.13. Under the assumption of Theorem \6.12\ there is R > 0 such that 
$>t(v) 7 ^ v for v £ 1“ with ||h|| a > R and 

(i) deg(/ — $t, B(0, R)) = (— I) dk , if (SRI) holds; 

(ii) deg(I — B(0, R)) = (-l)***- 1 , if (SR2) holds. 

Proof of Theorem 16.121 By Theorem 16.131 and the existence property of topo¬ 
logical degree, we see that each of the conditions (SRI) and (SR2) implies the 
existence of v 0 £ X a such that $t(vo) = vo- In view of assumption (EA) we de¬ 
duce that F(t,v) = F(t + T,v) for t > 0 and v £ X a and consequently vq is a 
starting point of a T-periodic solution of (16.211) and hence T-periodic solution of 

□ 
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